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A microscopic description of vacuum structure and color singlet quantum states in Yang-Mills
theory is presented. Our approach is based on an idea that classical stationary solutions defining a
Hilbert space of one particle quantum states possess quantum stability and symmetry under Weyl
color group transformations. We demonstrate that Weyl symmetry and stability condition provide
color singlet states and reveals the origin of color confinement in SU(3) quantum Yang-Mills theory.
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Construction of a strict non-perturbative quantum the-
ory of strong interaction on a basis of Yang-Mills theory
represents one of the most fundamental problems in the-
oretical physics of the third Millennium [1]. The vacuum
and quantum one-particle states are the main concepts
underlying in foundation of any quantum field theory
which must be defined in a consistent manner with quan-
tum mechanical principles and available phenomenology.
Color confinement is the most important phenomenon in
quantum chromodynamics (QCD) which imposes strong
requirements on structure and symmetries of the vacuum
and physical observables [2, 3]. So far a strict vacuum
structure and mechanism of color confinement still rep-
resent persistent problems in all QCD models [4–14].
In this Letter we construct a Hilbert space of color sin-
glet quantum states in a pure QCD (quantum Yang-Mills
theory), and show that the origin of color confinement is
encoded in the Weyl symmetric structure of classical so-
lutions satisfying the quantum stability condition. To
find proper classical solutions which produce color sin-
glet quantum states we follow a guiding rule formulated
by H. Weyl: “Whenever you have to do with a structure
endowed entity Σ try to determine its group of automor-
phisms... . After that, investigate symmetric configu-
rations of elements which are invariant under a certain
subgroup” [15]. In a case of a color group Gc = SU(3)
with a maximal Abelian subgroup H = U3(1) × U8(1)
we construct a wide class of regular stationary solutions
which are symmetric under the action of Weyl group of
outer automorphisms {g ∈ G/H}. The solutions pos-
sess quantum stability and form a complete basis in the
Hilbert space of color singlet quantum states. Formation
and spectrum of lightest pure glueballs is described.
Let us consider first the SU(2) Yang-Mills theory with
a standard Lagrangian (µ, ν = 0, 1, 2, 3; a = 1, 2, 3)
L0 = −1
4
F aµνF
aµν . (1)
A generalized Dashen-Hasslacher-Neveu (DHN) ansatz
[16] for time dependent axially symmetric solutions of
magnetic type is defined by means of the following non-
vanishing components of the gauge potential Aaµ [17]
A2r = K1(r, θ, t), A
2
θ = K2(r, θ, t), A
2
t = K5(r, θ, t),
A3ϕ = K3(r, θ, t), A
1
ϕ = K4(r, θ, t). (2)
The ansatz is invariant under residual U(1) transforma-
tions with a gauge parameter λ(r, θ, t) [18–20]
K ′1 = K1 + ∂rλ, K
′
2 = K2 + ∂θλ, K
′
5 = K5 + ∂tλ,
K ′3 = K3 cosλ+K4 sinλ,
K ′4 = K4 cosλ−K3 sinλ. (3)
One can fix the local U(1) symmetry by adding a gauge
fixing term Lg.f. to the initial Yang-Mills Lagrangian
Lg.f. = −1
2
(∂rK1 +
1
r2
∂θK2 − ∂tK5)2. (4)
There is still a global color SO(2) symmetry with a con-
stant parameter λ, (3), which allows to define a min-
imal ansatz by imposing a constraint K3 = c3K4 (we
set c3 = 1 without loss of generality). With this, five
equations of motion for the fields K1−5 reduce to four
equations and one quadratic constraint ([21], (1-5)). A
corresponding reduced Lagrangian Lred reads
Lred = L0(K) +Lg.f.,
L0(K) =
1
2r2
[
r2(∂tK1 − ∂rK5)2 − (∂θK1)2 + (∂θK5)2
]
+
1
2r2
[
∂tK2(∂tK2 − 2∂θK5)− ∂rK2(∂rK2 − 2∂θK1)
]
+
3
4r4 sin2 θ
[
r2((∂tK4)
2 − (∂rK4)2)− (∂θK4)2
]
−
9
4r4 sin2 θ
[
K24 (K
2
2 + r
2(K21 −K25 ))
]
. (5)
Using the ansatz (2) we construct a Weyl symmet-
ric ansatz for SU(3) Yang-Mills theory by setting non-
vanishing components of the gauge potential Aaµ corre-
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2sponding to I, U, V type subgroups SU(2) [22] as follows
I : A2r = K1, A
2
θ = K2, A
1
ϕ = K4, A
2
t = K5,
U : A5r = −Q1, A5θ = −Q2, A4ϕ = Q4, A5t = −Q5,
V : A7r = S1, A
7
θ = S2, A
6
ϕ = S4, A
7
t = S5,
Apϕ = Aαϕr pα , A3ϕ = K3, A8ϕ = K8, (6)
where r pα (p = I, U, V, α = 3, 8) are root vectors
r I = (1, 0), rU = (−1/2,√3/2), rV = (−1/2,−√3/2).
One can define a minimal ansatz by imposing additional
constraints
Q1,2,5 = S1,2,5 = K1,2,5,
Q4 =
(
− 1
2
+
√
3
2
)
K4, S4 =
(
− 1
2
−
√
3
2
)
K4,
K3 = −
√
3
2
K4, K3 = K8. (7)
With this, the original SU(3) Yang-Mills Lagrangian
with gauge fixing terms, L0+
∑
I,U,V
L I,U,Vg.f. , can be writ-
ten in an explicit Weyl symmetric form
LWeyl =
∑
p
{
− 1
3
(∂µApν)2 − |DpµW pν |2 −
−9
4
(
(W ∗pµW pµ)
2 − (W ∗pµW ∗pµ )(W pνW pν )
)}
,
W Iµ =
1√
2
(A1µ + iA
2
µ), W
U
µ =
1√
2
(A6µ + iA
7
µ),
WVµ =
1√
2
(A4µ − iA5µ), Dpµ = ∂µ + iApµ. (8)
The LagrangianLWeyl coincides with the SU(2) reduced
Lagrangian Lred, (5), (up to common normalization fac-
tor
√
3), and the ansatz (6,7) reduce all original equations
of motion to the same equations ([21], (1-5)). However,
there is a principal difference: SU(2) solutions are degen-
erated due to the presence of the global color symmetry
SO(2), (3), which causes spontaneous color symmetry
breaking. Contrary to this, solutions defined by ansatz
(6,7) are non-degenerate and symmetric under Weyl cy-
cling permutations of I, U, V realized by a direct product
of group elements g1, g2 ∈ SU(3) (δ = 2pi/3)
g1 =
(
cos δ sin δ
sin(2δ) cos(2δ)
)
, g2 =
0 0 11 0 0
0 1 0
 , (9)
where g1 acts on Cartan generators and provides Weyl
symmetry of the root system, and g2 performs cycling
permutations of the fields Ki, Qi, Si in coset subspaces
spanned by {T 2,5,7} and {T 1,4,6}.
Let us consider eigenvalues of a Lie algebra valued
Abelian vector field, Aµ = (A
3
µT
3, A8µT
8), acting in
adjoint representation in the Cartan basis. Due to the
constraint K3 = K8, (7), one can find
[Apϕ, T
p
+] = K3r
pT p+, (10)
where eigenvalues K3r
p match the root system with nor-
malization function K3 and possess an explicit Weyl sym-
metry. It is clear that the field K3 represents a fixed point
under the Weyl automorphism provided by the group ele-
ment g1. In a similar way, the cycling permutations with
g2 leaves other fields K1,2,4,5 untouched, so the solution
Aaµ represents a fixed point in the configuration space
of all possible Weyl symmetric fields. We constrain our
consideration mostly by magnetic type solutions. A dual
ansatz for Weyl symmetric solutions of electric type is
presented in [21].
Let us consider main properties of Weyl symmetric so-
lutions. A full space of Abelian Weyl symmetric solutions
is defined by a complete basis of transverse vector spher-
ical harmonics which are eigenfunctions of a total angu-
lar momentum operator with quantum numbers J = l,
Jz = m [23]
~Amlm =
1√
l(l + 1)
~Ljl(kr)Ylm(θ, ϕ)e
iωt,
~Aelm =
−i√
l(l + 1)
~∇× (~Ljl(kr)Ylm(θ, ϕ))eiωt, (11)
where ω = k ≡ M (in units c = 1) due to conformal
invariance, and superscripts m, e denote magnetic and
electric type respectively. Non-Abelian solutions can be
obtained numerically by solving the equations ([21], (1-
5)). A numeric solution of magnetic type with the lowest
non-trivial polar angle modes is presented in Fig. 1 in
the leading order of Fourier series decomposition
K1,2,4(r, θ, t) = K˜1,2,4(Mr, θ) cos(Mt),
K5(r, θ, t) = K˜5(Mr, θ) sin(Mt). (12)
The Lagrangian LWeyl, (8, 5), does not contain interac-
tion terms composed from only off-diagonal fields K1,2,5.
So that, non-Abelian solutions exist only in the pres-
ence of the Abelian field K4. This implies an Abelian
dominance effect for low energy solutions. Indeed, the
Abelian numeric profile function K˜4(r, θ), Fig. 1c, coin-
cides with the lowest vector harmonic Am10 with a high
accuracy, Fig. 2a and Table I. Moreover, the contribu-
tion of the Abelian field to the total energy in a finite
space domain constrained by nodes µnl and antinodes
νnl (l = 1, n = 1, 2, ...) of the Bessel spherical function
j1(r) is near 95%±1.5%, Fig. 2b, which is very close to a
known estimate of Abelian dominance established in the
Wilson loop functional [24, 25].
The presence of Abelian component in non-Abelian so-
lutions allows to construct numerically all possible types
of non-Abelian Weyl symmetric solutions. Note that due
to the local U(1) symmetry, (3), one has two independent
dynamic degrees of freedom which are carried by two long
distance propagating modes K2,4, other two fields K1,5
vanish in the asymptotic regime. The Abelian modeK4 is
described approximately by the spherical harmonic with
angular momentum J = l for a given value of M . For
each value of l one has an infinite countable set of so-
3(a) (b)
(c) (d)
(e) (f)
FIG. 1: Numeric solution in the leading order: (a) K˜1; (b)
K˜2; (c) K˜4; (d) K˜5; (e) time averaged radial magnetic field
〈F 3θϕ〉t = −〈F 8θϕ〉t = −34 K˜2K˜4; (f) time averaged energy den-
sity E (ρ, z) in cylindrical coordinates (g = 1,M = 1).
(a) (b)
FIG. 2: (a) A contour plot of the Abelian field K˜4 of the
non-Abelian solution, Fig. 1c; (b) the time averaged integral
energy density r2 sin θ E .
lutions numerated by order “n” of the Legendre polyno-
mial Pn(cos θ) which provides an initial profile function
for the polar angle mode of the field K2. A solution with
the lowest non-trivial polar angle mode is shown in Fig.
1. The next three solutions with subsequently increased
order of polar modes of K2 are presented in [21].
The most intriguing question is, whether Weyl sym-
metric solutions are color singlets with respect to the
νn1 ν
num
n1 ν
exact
n1 µn1 µ
num
n1 µ
exact
n1
ν11 2.79 2.74 µ11 4.52 4.49
ν21 6.18 6.12 µ21 7.81 7.73
ν31 9.37 9.32 µ31 10.97 10.90
ν41 12.56 12.49 µ41 14.14 14.07
ν51 15.74 15.64 µ51 17.29 17.22
TABLE I: Values of zeros and extremums of the numeric
solution K˜4, and exact values of nodes and antinodes of the
radial part rj1(r) of the vector harmonic ~A
m
10.
Weyl group. In other words, what is the dimension of the
space {K1,2,4,5} for solutions with fixed values of param-
eters (M, l, n). It is surprising, a careful numeric analysis
of solutions with quantum numbers l = 1, n = 1, 2, 3, 4
shows that a stationary Weyl symmetric solution is de-
fined by only one integration constant, which can be as-
sign to an asymptotic amplitude A0 of the Abelian har-
monic K4. Once fixed the value of A0, the obtained
numeric profile functions and amplitudes of fields K1,2,5
are determined uniquely. A source of such a feature is
that solution in a finite space domain constrained by a
sphere with radius R = {νnl, µnl} has a conserved energy
only if nodes (antinodes) of the radial parts of K2,4 co-
incide. This is demonstrated in low energy solutions in
Fig. 1b,c, ([21], Fig. 1b,c, Fig. 4). Such a coincidence of
nodes/antinodes is possible only for special ratios of am-
plitude values of K2,4 which implies only one independent
degree of freedom of the solution.
We conclude, magnetic Weyl symmetric solutions
are classified by quantum numbers (M,νln, µln) of the
Abelian field K4 and by number of zeros of polar an-
gle modes of the off-diagonal field K2. Solutions with a
given quantum numbers represent color singlets and lead
to colorless one-particle quantum states after quantiza-
tion. This allows to define a Hilbert space of primary
color singlet one-particle quantum states. Due to electric-
magnetic duality one has similar results for electric type
solutions.
Existence of quantum stable QCD vacuum has been
a long-standing problem since 1977 [6, 7]. Quantum
stability of classical solutions corresponding to quantum
states is one of most important requirements for physical
states. Weyl symmetric solutions have a vanished total
color charge which implies mutual cancellation of all cu-
bic interaction terms in the Lagrangian LWeyl, (8, 5).
As it is known, the cubic interaction terms correspond
to anomalous magnetic moment interaction which causes
the vacuum instability. The absence of such terms plays
a principal role in providing quantum stability of Weyl
symmetric solutions. Quantum stability of the lowest
energy non-Abelian Weyl symmetric solution has been
proved numerically in [17]. We demonstrate quantum
stability of vacuum Abelian solutions localized in a fi-
nite space region constrained by nodes (antinodes) of the
Abelian field. We solve a “Schro¨dinger” type eigenvalue
4equation for quantum gluon fluctuations Ψaµ
K abµν Ψ
b
ν = ΛΨ
a
µ,
K abµν = −δabδµν∂2t − δµν(DρDρ)ab − 2facbF cµν , (13)
where the operator K abµν corresponds to the gluon con-
tribution to one-loop effective action [17], and Dµ,Fµν
are defined by means of a background vector harmonic
(11). The existence of a negative eigenvalue Λ would
imply the vacuum instability. The equations (13) can
be reduced to a simple system of four partial differential
equations which represent a quantum-mechanical bound
state problem [21]. A corresponding quantum mechani-
cal potential is regular everywhere and positively defined
for small and large amplitudes A0 of the Abelian field.
This implies an existence of a critical amplitude below
which the eigenvalue spectrum becomes positive since a
potential well with a small enough depth does not admit
bound states in a case of space dimension d ≥ 3. Ex-
act numeric solution to the eigenvalue problem gives a
positive eigenvalue spectrum for amplitude values of the
Abelian field in the range A0 ≤ 10Nnl, (n, l ≤ 4), with
the normalization factor Nnl corresponding to one parti-
cle quantum state. A typical lowest eigenvalue solution
in a case of the vector harmonic with a quantum num-
ber µ11 is shown in Fig. 3. The results are confirmed
(a) (b)
(c) (d)
FIG. 3: Solution for fluctuation modes corresponding to the
lowest eigenvalue Λ = 0.485: (a) Ψ11; (b) Ψ
1
2; (c) Ψ
2
3; (d) Ψ
1
0
(g = 1,M = 1,Mnl = µ11, A0 = N11 ' 0.265).
qualitatively by using variational methods as well.
Now we construct a spectrum of primary one-particle
quantum states in the Abelian projected Yang-Mills the-
ory. We quantize the vector harmonics (11) in a finite
space region constrained by a sphere of radius a corre-
sponding to glueball size. It is suitable to introduce di-
mensionless units M˜ = Ma, x = r/a, τ = t/a. To provide
the energy conservation law one has to impose two types
of boundary conditions [26–28]
(I) : ~Amlm(M˜x)|x=1 = 0, M˜nl = νnl,
(II) : ∂r(r ~A
e
lm(M˜x))|x=1 = 0, M˜nl = µnl, (14)
where µnl are nodes of the Bessel function jl(r), and νnl
stand for zeros (antinodes) of the function ∂r(rjl(r)), the
integers (n ≥ 1, l ≥ 1) are the main and orbital quan-
tum numbers. The use of vector spherical harmonics in
description of hadrons was proposed first long time ago
in MIT bag models [26–28]. Our approach differs from
the bag models in applying principal ideas of Weyl sym-
metry and quantum stability for construction of physical
colorless states.
We define the normalization condition for the vector
harmonics ~Am,e
M˜lm
as follows∫ 1
0
dx
∫
dθdϕx2 sin θ( ~Am,e
M˜lm
)2 =
1
M˜nl
. (15)
A standard canonical quantization results in a Hamil-
tonian expressed in terms of creation and annihilation
operators c±nl, H =
∑
n,l,m M˜nlc
+
nlc
−
nl. A color singlet
state {c+nl|0〉} describes a primary one particle quantum
state with energy Enl = 197M˜nl/anl MeV and quan-
tum numbers J = l, P = (−1)l+1 for magnetic and
P = (−1)l for electric type states. The primary color
singlet quantum states are not directly observable quan-
tities since they are intimately related with correspond-
ing generated vacuum gluon condensates. We follow an
idea that vacuum gluon and quark condensates repre-
sent inevitable attributes of hadrons [29]. So that, the
physical glueballs represent bound systems of interacting
primary quantum states and vacuum gluon condensates.
To calculate the energy spectrum of glueballs one has
to find a quantum effective action which is known only
for very special background fields. Nevertheless, one can
make simple qualitative estimates of the light scalar glue-
ball spectrum in a model independent way. The vacuum
gluon condensate plays a role of order parameter which
should be universal for glueballs with different quantum
numbers. We assume that a wave function of the vac-
uum gluon condensate is given by vector harmonic ~Am,elm
with the same quantum numbers (νnl, µnl) as for the pri-
mary quantum state. One can find a radial density of the
vacuum gluon condensate with arbitrary quantum num-
bers νnl, µnl performing averaging over the time period
and polar angle. In particular, the lowest vacuum gluon
condensates αs〈F 2µν〉 corresponding to magnetic poten-
tials ~Amν11 and
~Amµ11 are depicted in Fig. 4 (αs = 0.5).
The oscillating behavior of the vacuum gluon conden-
sate density was found before within the instanton ap-
proach [30]. Integrating the radial density over the in-
terval (0 ≤ x ≤ 1) one can fit a value of the obtained
vacuum gluon condensate parameter to the known value
αs〈(F aµν)2〉 = (540MeV )4, and find an explicit depen-
dence of the glueball size on the quantum number M˜nl
anl[fm] =
197
v0
f1/4c (M˜) ≈
107α
1/4
s
v0
√
M˜nl,
fc(M˜) =
N2nl
12piM˜2
(
(3− 4M˜2 + 2M˜4) cos(2M˜)− 3
−2M˜2 + 2M˜(3− M˜2) sin(2M˜) + 4M˜5si(2M˜)), (16)
5HaL
HbL
0.0 0.5 1.0 1.5 2.0
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FIG. 4: Radial densities of the magnetic vacuum gluon con-
densates αs〈F 2〉 corresponding to modes ν11 = 2.74..., (a),
and µ11 = 4.49..., (b); (n=l=1, m=0).
where v0 = 540[1/fm], Nnl is the normalization factor,
and si(2M˜) is the sine integral function. In quasiclassical
approximation the light bound states with J = 0 are
formed by the primary quantum state and corresponding
vacuum gluon condensate with J = 1. One can find the
energy spectrum of light scalar glueballs JPC = 0++
Enl[MeV ] = k˜v0f
−1/4
c M˜nl ≈
( 80
7αs
)1/4
k˜v0
√
M˜n1, (17)
where k˜ is a free model parameter which can be fixed
by fitting the energy value of the lightest glueball. For
k˜ = 1.01 the lightest glueball JPC = 0++ has energy
Eν11 = 1440MeV . The energy spectrum (17) agrees with
the Regge theory of hadrons.
In conclusion, we have demonstrated that Weyl sym-
metry, quantum stability and energy conservation of lo-
calized stationary solutions of Yang-Mills theory provide
color singlet structure of one-particle quantum states.
This reveals the origin of color confinement in Yang-Mills
theory and leads to colorless physical observables, pure
glueballs. Our results open new perspectives towards de-
scription of hadron spectrum in a real QCD with quarks.
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